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TECHNICAL PAPER

A hypothetical clay model to describe free

swell in active ciays

‘

*

By J P PELLISSIER and L MAREE

Synopsis

Greal emphasis is currently being placed on the provision of adequate mass
housing. The large ber of these houses that would be constructed on active
clay places a responsibility on the engineer to come up with an optimum founda-
tion design. In this paper a clay model, with which it is possible to explain the free
swell of an active clay, is presented. This clay model is similar, but not identical,
to thal presented by Brackley in 1975. The clay model is used to postulate the
existence of a swell threshold suction in active clay and then to prove it using
laboratory resuits. This threshold suction holds implications for the more
advanced heave prediction methods. Lastly, a few simple but rational free swell
prediction equations are also presented.

Samevatting

Daar word deesdae groot klem op die voorsiening van geskikte massabehuis-
ing geplaas. Net uit hoofde van die groot getal huise wat op swelkleie gebou sal
word, staan die ingenieur onder ’n verantwoordelikheid om met die mees
optimale fondamentontwerp voorendag te kom. In hierdie verhandeling word’n
kleimodel voorgestel waarmee die vryswel van 'n aktiewe klei verklaar kan
word. Hierdie model is soortgelyk aan, maar nie identies met, dié wat deur Brack-
ley in 1975 voorgestel is nie. Deur van hierdie model gebruik te maak, was dit
moonilik om die bestaan van 'n sweldrumpeisuigspanning in aktiewe kleie te
voorspel, wat ook deur laboratoriumtoetse bewys is. Hierdie drumpelsuigspan-
ning het sekere gevolge wanneer van die meer gevorderde swelvoorspellings-
vergelykings gebruik word. Laastens word ook 'n paar eenvoudige maar
rasionele swelvoorspellingsvergelykings voorgestel.

Introduction )

Heaving clays are common in South Africa and their effect on
engineering structures is further aggravated by the local climate,
where the potential evapo-transpiration exceeds the rainfall. Williams
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and Denny-Dimitriou’ estimated the direct costinvolved in the repair of
structures damaged by heaving clay to be in excess of R100 million per
annum. From a financial point of view, heaving clay can be considered
the most important problem soil in the country. In view of the vast quan-
tity of housing to be constructed in the future, the importance of heav-
ing clays can only increase. '

Currently, all soil particles with a diameter of less than 2 ym are con-
sidered to be clay. Many soil particles with a diameter of lessthan 2 ym,
however, areinertand do not swell. Active clay will therefore be defined
here as comprising soil particles under 2 um in diameter, whose
volume will increase if water is added. Over the years various solutions
for founding on active clays have been proposed, including the
following:

1. Excavation of the active material and backfilling with an inert
material.

2. Provision of piles under the structure, which effectively makes the
superstructure free from the influence of the clays.

3. Stiffened rafts, which reduce the differential movement of the struc-
ture on the clays to tolerable levels.

4. The use of split construction in the superstructures. Split construc-
tion can be used as a solution on its own, or coupled with any of the
above solutions.

An important contribution to the success of these solutions is the
engineer’s understanding of the mechanism of heave and his ability to
predict the behaviour of the clay. This paper proposes a hypothetical
clay model that may help to explain the swelling behaviour of clay
qualitatively.

Only the microscopic composition of clay and the complicated
electro-chemical reactions taking. place during swelling were con-
sidered in postulating this clay model. The approach was to develop
the clay model on the microscopic clay characteristics only and to
ignore known macroscopic behaviour completely. To check the
validity of this hypothetical clay model, predictions of macroscopic clay
behaviour were based on this madel and then checked against observ-
ed behaviour. e :

Since this clay model was developed by considering the clay/water
interaction without the effect of external forces, an advantage of this
model over othersis that it explains the mechanism controlling the free
swell of aclay. Free swell is defined here as the swell of a soil specimen
under zero (or a very small) load."

The free swell of a clay specimen can be determined in a con-
solidometer by allowing it to swell under a minimal load (1 kPa). Itwould
be more correct, however, to use the lump test (Pidgeon?) or the
toluene and wax-freezing test (Pellissier®), as these test methods allow
true free swell.

The composition of clays

Although the clay model proposed in this paper is based on the
chemical composition of clay and the interaction between the clay and
water, only the rudimentary principles will be mentioned here. The
theory is described in more detail in Brindley and Brown* and Van
Olphen®.

The basic structural units of clay comprise tetrahedral and octahed-
ral sheets. As a result of the lateral extension and vertical stacking of
these sheets, a flat platelike structure is formed. For the purpose of this
model it is assumed that clay particles always have a ‘platelike’ form
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and although this assumption is not strictly correct, it should not
influence the clay model suggested here. This platelike form, coupled
with the very small size of particles, results in a very large specific sur-
face for clays (ie large surface area to mass ratio).

The clay cells are formed by the bonding of the octahedral and tet-
rahedral sheets in different combinations. For example, in a two-layer
clay cell {for instance kaolinite) one tetrahedral sheet combines with
one octahedral sheet to form a 1:1 layer. In a three-layer clay cell (eg
montmorilionite or illite) two tetrahedral sheets combine with one
octahedral sheet to form a 2.1 layer. Layers may be stacked suc-
cessively and partly bonded to form what is called a ‘ciay crystal’.

Displacements of ions in the clay crystal can cause an imbalance of
charges in the crystal itself, resulting in a negative surface charge.
Cations and water (due to dipolarity) are attracted to this negative
potential.

The ingress of water between the clay layers forces them apart and
causes swelling of the clay. Both repulsion and attraction forces controt
the ingress and general adhesion of the water to the clay crystal. These
are discussed below. .

Repulsion forces

Diffuse double-layer: The unbalanced charge on the clay crystal
attracts cations, forming an electrically neutral particle. Inthe presence
of water, these cations tend to move into the mass of water, slightly
away from the surface of the clay crystal itself. Two opposite but balan-
ced layers are thus created. ’

In the immediate vicinity of the diffuse cation layer, an imbalance of
charges develops and ions of opposite charge are again attracted to
the layer. in Fig 1 the schematic distribution of positive and negative
ions in the vicinity of a negative surface can be seen.

The diffuse double opposing clay layers influence each other and
the extra energy required to force them to mix results in the re-
pulsion force.

Short-distance repulsion forces: Over and above the repulsion force
caused by the diffuse double layer, the effect of other forces becomes
increasingly important when the clay layers move near to each
other,

According to Van Olphen®, the so-called 'born repulsion forces’ play
a role when matrices of opposing clay layers touch each other. An
additional repulsion force develops because of the extra energy that s
required to remove the last one or two layers of water. These short-
distance repulsion forces can play an importantrole near the shrinkage
limit {(ie the moisture content at which the volume of the clay ceases to
change if it is drying out).

Attraction forces

The main attraction force is called the Van der Waal's force, which is
the attraction between two atoms. This force decreasees rapidly with
distance, but its effect is important since all influences on the atoms
should be considered together,

The clay model

Although the clay model proposed in this paper was inspired by the
clay model suggested by Brackley®, a different approach was followed
in developing it. This model differs from Brackley’s in size, in the
explanation it offers for clay behaviour and inits prediction of expected
macroscopic clay behaviour.

The clay model suggested here is assumed to have the following
characteristics:

Size

Brackley® proposed a clay model that he called an assembiage of
clay packages. These clay packages are more or less the size that
would resuit from micro-fissuring of the clayey soil. The clay model
proposed hereis based on the size of aclay crystal (already described),
which is substantially smaller than the clay package. This crystalis a
stable, solid particle when the clay is dispersed in water.

A clay crystal is the largest clay particle that will exhibit ali the
requirements of this model. Theclay model suggested here will also be
called a ‘clay crystal’, since it is assumed that it Incorporates the
characteristics of a real clay crystal. The term ‘clay crystal’ will also dis-
tinguish it clearly from Brackley's ‘clay packages'.
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Fig 1: Diffuse electric double-layer model {from van Olphen®)

Saturation under ali circumstances

Brackley® postulated that the clay packages would be saturated with
water, except near the shrinkage limit. When the moisture content is
lower than the shrinkage limit, desaturation of the clay package will
occur. In our clay model itis postulated that the clay crystals are always
internally saturated, even if the soil is defined as having ‘zero moisture
content’, implying that the soil specimens have been heated in the oven
at 105°C until no further ioss of moisture is detected.

As already mentioned, water is attracted to the negatively charged
surface of the clay crystal. This water forms a close relationship with the
clay, and actually controls its behaviour. Swelling is the result of water
penetrating the clay crystal and forcing the different layers apart. If the
clay is drying out, the clay layers will just move closer to each other
without air entering the crystal itseif.

As it dries out, water will cling to and cover the surface of the clay
crystals in increasingly thin layers. The stress distribution in the thin
layer of water cannot be described using the normal hydrostatic
methods employed for saturated soil. As far aswe know, the variationin
stress across the thickness of the water layer has not been measured,
but, according to Marshall’, a number of authors have found that the
density of the water varies across the thickness.

Desaturation of the clay crystal is possible, but only in an extreme
condition when clay layers actually touch. This will happen to mont-
moriltonite clay only at a moisture content lower than that defined as
‘zero moisture content’. For an experiment performed on a remoulded
bentonite clay specimen, the oven temperature was increased to
250°C after the zero moisture content and volume had been deter-
mined. There was an extra five per cent loss in moisture and a four per
cent loss in the volume of the specimen. This confirms that the ben-
tonite clay crystal had neither reached zero saturation nor stopped
shrinking at zero moisture content.

The soil suction near the shrinkage limit may be very great. At that
suction, the clay crystai should not be covered by more than a few
layers of water molecules and the spaces between clay crystals will
thus not be filled with water. As recognized by Brackley, the voids be-
tween crystals in clay packages can desaturate before the shrinkage
limit is reached. The clay crystal is therefore the largest clay particle
that would be saturated under all normal circumstances.

Al crystals are in direct contact with each other

In this hypothesis it is also assumed that all the clay crystals are in
direct contact or in contact with other sand or silt particles. This means
that if a single clay crystal expands, the movementistransferred to the
neighbouring soil particles and it thus becomes noticeable on a mac-
roscopic level. It is also assumed that there is no change in the soil
structure and therefore virtually no slipping will occur between dif-
ferent soil particies during free swell.

This assumption of direct contact and no slip may not be valid for a
soil with a low dry density and low clay content, as such a soil would be
more likely to collapss than swell. The purpose of this model, however,
is to explain the behaviour of heaving clay and not that of collap-
sible soils.

THE CIVIL ENGINEER in South Africa - November 1891



Mechanical behaviour of the clay crystals

If the moisture contentof the soil is kept constant, aclay crystal under
external stress will exhibit the same mechanical behaviour as an inert
material of the same size {eg rock powder), except for the follow-
ing differences:

Compressibility: If a clay crystal is compressed in a direction perpen-
dicular to its sheets, it may be possible to expel some of the water. The
crystal will therefore be more compressible in this direction than in a
direction parallel to the sheets, and it will also be more compressible in
this direction than an inert material of similar size.

Distortion: Clay crystals should be able to distort as shown in Fig 2 if
subjected to a shear force, but it is also assumed that {because of the
small size of a clay crystal) itwould be impossible to have shear through
them. Itwould, however, be possible tohave shear through a clay pack-
age at small suctions.

Fig 2: Distortion of a
—— clay crystal
DISTORTED under shear
UNDER SHEAR FORCE force

UNDISTORTED
NO SHEAR FORCE

Free swell and the effect of load

According to this clay model, free swell and the effect of arestraining
force may be considered independent working mechanisms. The clay
crystals will swell with an increase in moisture, as a'result of physico-
chemical reactions. An external force is mechanical and will inhibit the
free swell of the clay crystal to some degree, but itwill mainly cause slip
between the soil particles or clay crystals. This inter-crystal slip is
influenced by the reduction in shear strength between crystals as the
moisture increases. :

From a mathematical point of view, the behaviour of the clay crystals
can be categorized as ‘free swell’ and the ‘influence of load on free
swell'. The heave-prediction eguations proposed by Brackley®,

Linear relationship between free swell and volume of water added -

As mentioned previously, the swelling of a clay crystal is controlled
by the ingress of water between the layers in the crystal. This water
covers the ‘platelike’ surface area of the fayers. At a moisture content
higher than the shrinkage limit, the type of force controlling the ingress
of water does not change and the surface area of the layers also
remains constant. it can therefore be assumed that, at a macroscopic
level, the ratio of the volume of water added to the volume of free swell
recorded remains constant. To date, all the soils and rock tested have
exhibited this linear relationship between free swell and the volume of
water added, where moisture contents exceed the shrinkage limit.

In a clay crystal the internal surface area (the surface area of all the
platelike layers in the crystal) is much greater than the external surface
area. This implies that most of the water goes to the internal surfaces
and thus comprises the inter-mineral layer of water. Comparisons of
the internal and external surface areas for various clays can be seen in
de Bruyn, Collins and Williams®.

Further, according to Marshall’, there is a higher attraction for water
in the layers between the clay minerals than in the rest of the soil matrix,
as a result of the osmotic action caused by the higher concentration of
ions in the inter-mineral water layer. This implies that any water added
to the soil will go primarily to this layer. Since the observed heave is
caused by a change in the thickness of this water layer, the change in
volume of the specimen should approximate the change in the volume
of water in the soil. If only the free swell at moisture contents above the
shrinkage limit is considered, then the volume of free sweil of all the
pulverized and remoulded specimens tested to date could be approx-
imated by the volume of water added to the specimen. The free swell of
most of the undisturbed clay specimens could also be approximated
with the simple assumption that the volume of water added is equal to
the volume of free swell. The only exceptions to thisrule-of-thumb were
a few swelling rock materials.

In Fig 3 volumetric free swell test results for Onderstepoort clay can
be seen, and the important thing to note is that the unit specific volume
increase (v) of the specimen is equal to the water ratio increase (¢). The
toluene and wax-freezing free swell test method (described in Pel-
lissier®) was used to obtain these results. The following apply in
Fig 3:

. V, = the volume of the specimen
. 8 2 t
\A;nlhan;&:, mdg:(:;1?858{1:?:epé?f%i?2'6;;23" based on the concept Vs = the volume of the solids in the specimen
of separating a ‘ V, = the volume of water in the specimen
. v = the volume air in the specimen
The prediction of macroscopic behaviour 2 o .
- = gpecifi m h m = W/V.
The validity of this clay model was checked by making predictions of ; - i’;t:: rcat\;g“(L ?/o/f\: )e specimen (= Vy/Vs)
macroscopic free swell, based entirely on the clay model, and then ‘ wees
. . f Uy = specific volume of air (= V,/V)
comparing them with observed behaviour.
- 2.4
ONDERSTEPOCRT: VOLUME CHANGE DURING
FREE SWELL TEST
; 2,2
2,0
L%
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Fig 3: Toluene and wax-freezing free 0 0,2 0,4 0,5 08 1.0 1.2
swell test result for Onderste-
poort clay WATER RATIO (@)
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The shrinkage limit

If a clay specimen is drying out and the shrinkage limit is ap-
proached, the linearity observed between the volume change of the
specimen and the loss in water disappears. The volume change of the
specimen becomes increasingly iess than the loss in the volume of
water. If the clay crystal model is used to explain this phenomenon, two
different types of mechanism may be regarded as the cause. The shrink-
age limit can be caused by mechanical interlocking of the soil particles
or by physico-chemical reactions in the clay crystal. The two
hypotheses are discussed in more detail below.

Mechanical shrinkage limit: f the clay has a high proportion of inert
particles (siltand sand), these particles can comeinto contact while the
clay is shrinking and ‘lock’ to form a stiff, non-shrinking matrix. The
mechanical ‘locking’ of the inert soil particles will create an apparent
shrinkage limit and, in the spaces between the ‘locked’ inert particles,
the clay crystals will continue to lose water and shrink. The total volume
of the specimen, however, stays constantand this shrinkage will notbe
observable on a macro level.

The change in a clay having this mechanical shrinkage limit fromthe
point where it still exhibits shrinkage to the pointwhere it does notshow
any shrinkage at all should take place over a relatively small change in
moisture content. This hypothesis has not been studied in detail, in the
absence of appropriate laboratory equipment, but the Wesselton clay
in Fig 4 appears to exhibit a mechanical shrinkage limit.

Chemical shrinkage fimit: If the inert particles are surrounded by clay
particles, the clay particles will control the behaviour of the whole
specimen near the shrinkage limit. When a clay specimen dries out and
approaches the shrinkage limit, the short-distance repulsion and
attraction forces in the clay crystal become dominant.

For a chemical shrinkage limit, the soil will not stop shrinking with a
loss of moisture, even below the ‘zero moisture’ content level. The ratio
of volume shrinkage to volume moisture loss will decrease con-
tinuously, because an increasing amount of water will be extracted
from the small voids between soil particles instead of the inter-mineral
water layer in the clay crystal. All the specimens tested in Fig 4, except
the Wesselton clay, seem to exhibit a chemical shrinkage limit.

Threshold suction
As stated before, water added to a dry clay soil will primarily become
inter-mineral water. The energy required for the water to penetrate be-

30
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Fig 5: Swell/suction results for Onderstepoort clay

tween the clay minerals, however, has a major influence on the swelling
behaviour of the clay at small suctions. Atlarge soil suctions this poses
no problem, but atvery small suctions there is notenough energy avail-
able to overcome this restriction. From a theoretical point of view itis at
this point (called the ‘threshold suction’ in this paper) that the soil will
stop swelling and the large inter-particle voids will fill with water. In
other words, during the swelling phase the amount of air voids trapped
in a clay specimen should stay more or less contant until this point is
reached. In Fig 3 it can be seen that the specific volume of air, vy,
remained practically constant during the swelling phase for moisture
contents higher than the shrinkage l{imit.

To prove thatthe threshold suction exists in nature, the results of free
swell tests performed in cedometers have been analysed. The free
swell tests were performed on clay specimens with varying initial suc-
tions. Fig 5 is agraph of the percentage of free swell plotted against the
log of the initial soil suction for specimens of Onderstepoort clay. This
supports the findings of several people, including Brackley'™ and
Pidgeon?, that a linear relationship exists between free swell and the
log of the initial soil suction. The problem is that, owing to the existence
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of the threshold suction, the straight line does not go through zero (ie
the log of 1 kPa): there is a distinct change in slope on the graph atthe
point of threshold suction.

As can be seen from Fig 5, sweli takes place only if the initial suction
is larger than the threshold suction and (for practical purposes little or
no swell occurs if the start-off suction is smaller than the threshold
suction. ‘

Free swell/suction relationship

ithas been suggested in this paper that for moisture contents higher
than the shrinkage limit there is a linear relationship between free swell
and the volume of water added. The existence of a threshold suction
has aiso been postulated and proved.

If the threshold suction can be approximated by what Campbeli™
defines as the ‘air entry value’ on the suction/volumetric water content
graph, it is possible to derive the suction/free swell relation as well.

Campbell’ suggested the following equation to describe the
suction/volumetric water content mathematically:

Wy = (80,0 ' n
where

Y = $0il suction

Ve = goil suction at the air entry value

] = yolumetric water content (= V,/V))

0 = saturated volumetric water content (= V,,, /V))

= volume of water in the specimen if the specimen is saturated
curve-fitting factor

stat

[

It would be difficult to use Egn 1 for swelling clays, because both V;
and V,,change if water is added to the specimen. It would be more con-
venient to use the water ratio, ¢ (= Vu/V ). Tochange the equation to o,
note that the variables in Eqn 1 will not change if the water ratio is used
(ie ¢/ ¢,) instead of the volumetric water content (6/6,). Thus Egn 1 can
be written as follows:

¢ = O (y/ve)'® @)

If the specific volume of the saturated specimen (u;) is experimen-
tally determined, it is possiblie to determine the free swell by using the
following equation that we derived:

AV (V- V) R
Vig= AV Vi~ (Vg - Vi) - Ao,y
and using Eqn 2:

F§ =

where.
Pl
Ply

v
P

H

§

i

plasticity index of clay (%)
% < 0,425 mm sieve

100

weighted P! of soil = P (%) . {

initial soil suction (kPa)
vertical pressure under which heave is taking place (kPa)

1
FS = Us 3 3}
- - -
L4 /b
) 1- - o Rsm 0s
. Ve B
where: '
FS = total free swell of specirﬁen from suction v to saturation
AV = change in volume of the specimen owing to swelll
Vi = total volume of the specimen (in the saturated state)
Vi, = yolume of water.in the specimen (in the saturated state)
Vi, = volume of water in the specimen {at the initial moisture -
content) .
Rem = ratio of volume of water added to volume of free swell record-
ed for specific soil (taken as 1 for most clays)
[ = salurated water ratio (= V,,/VJ
Ug = gpecific volume of the specimen at saturation (Vi Vsl

implications of the threshold suction on current methods of heave
prediction ‘

The existence of a threshold suction has implications mainly for the
heave prediction methods that are based on the change in suction
approach. Both Brackley'' and Pidgeon?® proposed heave prediction
methods based on this approach.

The Brackley'® equation is:

Pl, - 10
Swell (%) = (-} . log v (4)
10 P
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it has been assumed in Eqn 4 that the initial suction of the soil was y
and the soil will then become saturated to a final suction of 1 kPa.

For the determination of iree swell, Pidgeon® suggested the fol-
lowing:

Pt, - 10 y;
Free swell (%)= (————}.log — (5}
Wy
where y; = initial suction in soil (kPa) and v, = final suction in soil
{kPa).

Ifthe free swell of a specimen during a suction change of y, to y; has
been recorded in a laboratory test, then the free swell to log suction
relationship {X;) can be defined as follows (Pellissier'?);

Free swell between vy, and v, .

Xs (6)

10g1o {y1 - w2}

Eqn 6 can also be derived by considering X, as the slope of the Aline
in Fig 6. li the initial and final suctionsin the field are predicted as v, and
yrrespectively, then the value of X can be used torefine Egqn 5 and the
predicted free swell can be calculated as follows:

Free swell = X, . log v (7}
Yt
In Eqns 4 and 5 an empirical assumption has been made of the free
swell 1o log suction relationship and the similarity between Eqns 4, 5
and 7 can be seen by assuming:

Ply~ 10
Xs [ — (8)
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If during the laboratory test to determine the free swell to log suction
relationship (Xg) the values of y, and y, are both larger then the
threshold suction, then the value of X, will be equal to the slope of the A
line in Fig 6. As can be seen from the figure, an overprediction of the
free swell will result if this value of X; is used to calculate free swell be-
tween an initial soil suction, y;, and saturation of the soil, assuming
y; = 1 kPa.

Similarly, if y, = 1 kPa (ie the soil is practically saturated) during the
determination of X, then it would be equal to the slope of the B iine in
Fig 6. This will then give an incorrect answer if the final soil condition is
not saturated.

The problem with the empirical determination of X,, using Eqn 8, is
thatitis not clear whether the answer would more closely simulate the A
or the B line or something in between. This implies that the approxima-
tion of X, using Eqn 8 should be used only if the final soil condition is
saturated or if the threshold suction is so small that its effect could
be ignored.

Further practical implications

From this clay model it was predicted and confirmed, by laboratory
tests, that there was a linear relationship between the change in volume
due to free swell in a specimen and the volume of water added, for
moisture contents higher than the shrinkage limit and lower than the
threshold suction. Should a clay specimen undergo a change in mois-
ture content from w, to wy, the swell can be calculated using the follow-
ing formula derived by ourselves from the above principles:

Va = Rym . Vs [(wz‘w\)-Y—m+1:| ©)
Yw .

where:

M, = mass of the solids in the specimen

M., = mass of the water in the specimen
Ko = initial moisture content of the specimen (= M, /My

(0% = final moisture content of the specimen (= M.,/M;)

Ys» = dry density of the specimen at , moisture content (kg/m?3)

Yw = density of the water (xg/m?)

Vv, = initial volume (m?)

V. = final volume (m?%)

Rsm = ratio between the change in volume due to free swell and the

volume of water added

Similarly, the free swell, FS,,, that accompanies a moisture content
change of w, to w, can be calculated as follows:

Ya1
FSy2 = Rsm - (W2 -~ 1) . — (10)
Yw

where FS,, = free swell for a moisture content change of w; to w,.

Brackley® defined a swollen moisture contentas the maximum mois-
ture content at which swelling will occur. If a free swell test has been
performed on aspecimen with a specific moisture contentand dryden-
sity, the swollen moisture content (ws) can be calculated from the
results. Swollen moisture content is atheoretical concept and does not
really exist, but, since very little heave takes place at suctions lower than
the threshold suction, the swollen moisture content can effectively be
taken to be equal to the moisture content at the threshold suction.

FS\O - Yo
Wy = Oy +—m8M8— 1)
Rem - Yot
where FS,o = total free swell of a specimen from an initial moisture con-
tent w, and ws; = swollen moisture content.

If the total free swell (FS ) of a specimen has been determined in a
laboratory, thenitis possible to calculate the total free swell of any other
specimen (FSy), from a start-off moisture content of w,, by using the
following equation:

FSt - Yo Ya1
FSyp = —t 0y —— (12)
Rem - Yo 1+ W2-01 Ydy - Rsm
Yo )

where FS, = total free swell of aspecimen from an initial moisture con-
tent of w,.
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Conclusion

In this paper a clay model has been proposed that can be used as a
powerful tool to explain the free swell behaviour of an active clay. Use of
this model confirmed the following:

1. Alinear relationship exists between the volume of water added and
the volume of free swell recorded for moisture contents higher than
the shrinkage limit. For most active clays the volume of free swell
can be approximated by the volume of water added.

2. Athreshold suction exists and very little free swell will occur at mois-
ture contents between the threshold suction and saturation of
the specimen.

3. The graph giving suction to moisture ratio can be used to predict
free swell. )

4. The effect of threshold suction should be taken into account when
using heave prediction methods based on suction.

Various equations have algo been suggested to determine free swell
if only limited laboratory resuits are available. Since these equations
have a theoretical but rational basis, the theoretical results compare
well with the laboratory results. The limitation that these equations
apply only to moisture contents higher than the shrinkage limit should,
however, always be borne in mind.
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Discussion on papers

Written discussion on the papers in this issue will be accepted until 31 January
1992. This, together with the authors' reply, will be published in the May 1992
issue of The Civil Engineer in South Africa, or later. For the convenience of over-
seas contributors only, the closing date for discussion will be extended to 28 Feb-
ruary 1992. Discussion must be sent to the Directorate of SAICE.

Such written discussion must be submitted in duplicate, should be in the first
person presenttense andshould betyped in double spacing. Itshould be as short
as possible and should not normally exceed 600 words in length. It should also
conform to the requirements laid down inthe ‘Notes on the preparation of papers’
as published in the February 1991 issue of The Civil Engineer in South Alrica.

Whenever reference is made to the above papers this publication should be
referred to as The Civil Engineer in South Africa and the volume and date given
thus: Civ Engr 8 Afr, Vol 33, No 11, 1891.
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TECHNICAL PAPER

Statistical comparisons of some geotechnical
properties of residual soils in the

Johannesburg graben

By W J FALLA

Synopsis

Geomorphological, engineering geological and geotechnical engineering
data can be evaluated together using standard statistical methods to determine
the likely engineering properties of residual soils. The geomorphological
characteristics of land surfaces and the geotechnical properties of the underly-
ing soils are interrelated owing to a common dependence on age. Identification
of aparticular land surface thus enables geotechnical properties of the subsoils
to be more clearly evaluated and even predicted. Statistical comparisons of the
quantitative geotechnical properties of soils from different sites enable signifi-
cant differences in the associated land surfaces to be identified. Recent studies
of ancientland surfaces were carried out in the Witwatersrand area near Johan-
nesburg and some long-suspected geomorphic relationships were explored
and statistically evaluated.

Samevatting

Die toegepaste wetenskappe van g rfologie, ingeni geologie en
geotegniese ingeni kan gekombi word, deur die gebruik van aan-
vaarde statistiese metodes, om die waarskynlike ingenieurseienskappe van
residuele gronde te bepaal. Soos wat landskappe en hulle kenmerkende grond-
profiele verskil met betrekking tot ouderdom, so verskil die geotegniese
parameters, en deur die identifisering van die landskap kan die geotegniese
eienskappe van die onderliggende grond duideliker ge¢valueer en selfs voor-
spel word, wat dit moontlik maak om statisties te bepaal of verskillende
landskappe opvaliend van mekaar verskil. Navorsing is onlangs in die Witwaters-
randgebied naby Johannesburg op oerlandskappe uitgevoer en verskeie ver-
moedens aangaande geomorfologi verhoudings is ondersoek en deur
statistiese metodes gekwantifiseer.

Introduction

Soil profile and accompanying geotechnical laboratory data,
obtained from many site investigations, have been used in studies' of
the residual soils derived from the weathering of extensive ancient
igneous rock types that occupy a local geological feature known as
the ‘Johannesburg graben’?.

The rapid urban and industrial expansion in this area has produced
abundant engineering geological and geotechnical engineering data
about these residual soils. Residual soils reflect the changes produced
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by various geomorphic processes well owing to the greater suscep-
tibility and faster response of their constituent minerals to weathering
and land form development.

Regional geology

The igneous rocks of the Ventersdorp Supergroup (approximately
2 500 mA) consist mainly of andesitic lavas with interbedded zones of
reworked volcanic conglomerates, agglomerates and tuffs. The prin-
cipal minerals of these rocks are andesine felspar and augite, both
seen as fine laths with occasional phenocrysts, together with
amygdales of quartz, epidote and some chlorite, while the volcanic
conglomerates consist of clastic assemblages of lava fragments
almost entirely replaced by tremolitic amphibole, all displaying a
measure of metamorphism indicated by the transformation of the
pyroxenes (ferromagnesians) to chlorite.

The Johannesburg graben, which is filled by these rock types, is a
long, down-faulted block lying on the southern side of an extensive
area of Basement Complex granite (approximately 3 100 mA), which is
one of several ‘windows' of granite exposed in this part of the African
subcontinent (Fig 1). The graben strikes in a west-south-west to east-
north-east direction, varies in width from approximately 1 km in the
westto 3,5 kmin the east and is approximately 25 kmin length. it has a
very complex history of formation that is the subject of ongoing
research.

The residual soils that occur on these andesitic rocks are fine-
grained and slow-draining and consist mainly of silts and clayey silts
with minor amounts of sandy and gravelly material. The mineral con-
tent comprises varying amounts of chlorite, kaolinite, montmorillonite,
hematite, limonite and sericite. These soils retain evidence of shearing
forces that affected the original parent rocks during their emplace-
ment. Sheared and jointed zones are often seen in fresh rock material,
with veins and rock fractures commonly filled with calcite and
quartz.

Regional geomorphology

In southern Africa, the history of land surface development and ero-
sion cycles can only be traced back satistactorily to early Cretaceous
times (approximately 135 mA), although several surfaces formed dur-
ing the intervening period have been identified. The most enduring and
persistent of these is known as the ‘African’ erosion surface. Initiated
during the early Cretaceous following the break-up of the superconti-
nent of Gondwanaland, the resulting land surface was, on the evidence
of surviving remnants, well planed in most places. Elevations on this
planed but inclined surface characteristically range from approx-
imately 1 650 m to 1 700 m AMSL in the Johannesburg area. All rock
types were affected and the underlying residual soils display very dis-
tinctive engineering characteristics owing to the longevity of the cycle
(approximately 100 mA).

In the Witwatersrand area there are several remnants, but incision
and dissection have formed eroded, Post-African variants of this
original surface. One such variant has suffered widespread lowering
and stripping of overburden, largely by sheetwash and erosion, though
the lowering or reduction in elevation is not very great in most places.
This variant is described by the term ‘Lowered African’.

The most westerly portion of the region studied lies substantially
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above the general leve| of the planed African surface, but has suffered a
similar intensity of weathering in susceptible rocks during the currency
of the African cycle. This elevated zone, which isnot a planed surface, is
characterized by undulating and, in parts, often rugged topography,
and is accordingly described as the ‘Above African’ surface. In the
accompanying tables and diagrams, these surfaces are designated in
abbreviated form: ‘AA’ for the Above African, ‘AF’ for the African and
‘LA’ for the Lowered African surface.

General features of residual soils

The term ‘residual soil’ refers to all natural, in situ material lying
beneath the transported soil layers and, where present, the ‘pebble
marker™. Residual soil is the product of the complete in situ decom-
position of a rock mass and has a consistency or hardness approx-
imately equivalent to an unconfined compressive strength of less
than 700 kPa.

Decomposition is accomplished by chemical reactions that tend to
be exothermic, giving rise to products of increased unit volume. They
have interacted in a subhumid, warm to temperate environment with
the mean temperature of the warmest month (January) being
below 22°C*.

Residual soils contain no minerals foreign to the locality®, the entire
mineral content being directly related to that of the parent rock. They
also show a tendency for the effects of weathering to diminish with
depth, density and consistency increasing until the soil mergesinto the
solid parent rock from which it is derived.

The degree of weathering can vary even over short lateral and verti-
cal distances and, depending on the frequency of jointing present in
the original rocks, joints and joint sets are often preserved in relict
form. These may carry water relatively freely and, moreover, represent
planes of weakness in the soil. Most transported soils are initially
deposited in aloose condition and become densified with time owing to
increasing thicknesses of overburden. in contrast, residual soils
becomeless densewith geological time, because they lose solid matter
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by leaching or swell as they are unloaded by erosional processes,
resulting in an increase in void ratio and a decrease in strength
and dry density.

A characteristic feature of the rocks in the Johannesburg graben is
that the constituent minerals have been chemicatly transformed in the
presence of iron to produce an often well-defined colour sequence in
the residual soil. The ferro-magnesian minerals (pyroxenes) have
altered to chlorite, which imparts a distinct green colour to the basal
zones of the residual soil. As the chlorite alters at higher levels in the
profile, iron in the iattice structure oxidises and hydrates to form
limonite or yellow ochre, which stains the soil a yellow or yellowish
brown. In zones above the water table, where the soil is desiccated,
hematite or red ochre is produced, giving a characteristic red or red-
dish brown colour, particularly in the uppermost zones. These three
colours do not always all appear in the profile as this depends on local
conditions, but the boundary between each colour zone is seldom
sharply defined. The tendency for this colour sequence to develop pro-
vides a convenient and easily recognized framework for data analysis
and reference to engineering and weathering characteristics.

Ferruginous compounds often become concentrated in the upper
zones of a residual soil profile to form ‘ferricrete’ (laterite). This is pro-
duced by the seasonally cyclic precipitation and gradual accumulation
of insoluble iron oxides and hydroxides between the constituent par-
ticles of the soil mass. Its development depends on the amount of iron
available and past fluctuations in water table levels. Formed in situ, the
ferricrete varies from thick, often virtually impermeable, compact,
brownish accumulations of nodular ‘hardpan’ to a dark ferruginous
staining in the soil. Its widespread but variable occurrence is a par-
ticular feature on the African erosion surface, being aiso recorded on
other lithologies$. Incision of the African surface has caused most of the
ferricrete to be eroded during the formation of the Lowered African
surface.

Description of the study sites
Three sites were selected for detailed study of the graben (see Fig 1).
The first is located at its western end in the central business district of

Legend.

Basement Complex granite.

Johannesburg Graben.

4| Geomorphic surface boundaries,

Streams and drainage directions.

=y Approximate limit of urban area.

Limits of study sites.

AF = African.
AA = Above African.
LA = Lowered African.

AA

AA

Fig 1: Locality plan of the Halfway House granite dome showing the Johannesburg graben and positions of the study areas
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Johannesburg, where the construction of many industrial buildings
and some of the largest and heaviest tower block structures, with deep
parking basements, has demanded detailed knowledge of the
engineering characteristics of the residual soils.

This site covers an area of the graben measuring approximately
0,7 km in width and 5 km in length and is at elevations greater than
1700 m AMSL, thus forming part of the Above African land surface.
The flanks of the graben here consist of high ridges of quartzite that
form a continental divide to the north, with lower, topographically sub-
dued areas of argillaceous sandstones and interbedded shaies to the
south at elevations similar to those in the graben itself. The high ridge
on the north side has had a definite topographically protective effect on
the land surface that is reflected in the weathering patterns. Great
depths of residual soil have formed as a result of thorough and pro-
longed leaching in these materials. The ‘weathering front? has thus
been able to penetrate because its rate of advance, aided by eluviation
of clay particles from the soil fabric, has exceeded therate of removal of
weathered material. The water table was recorded from 52 per cent of
holes reported to have penetrated the residual soil mantle. It was
estimated to occur at an approximate depth of 17 m, which compares
reasonably closely with the 20 m depth estimated by Blight and Brum-
mer®, Water usually entered the holes along relict joints, the inflow rate
being generally slow.

The second site lies at the most easterly end of the graben in the
Isando industrial estate, which lies adjacent to and west of the Jan
Smuts international airport (JS in Fig 1). The graben is approximately
3,5 kmwideinthis area andis characterized by two geomorphic zones,
The first is considered to be a portion of the original African erosion
surface with a substantial depth and degree of weathering of the in situ
materials. it consists of a flat-lying area in the east and south, with
elevations ranging from 1665 m to 1 700 m AMSL, which has been
approximately bisected by a south- to north-trending tributary stream;

Table 1: The Johannesburg and Bedfordview study sites.
Summarized geotechnical data

the latter has formed the second zone. in the northern portion of the
grabenin this area, this stream has broadened its valley in a new cycle

of erosion, lowering the topography so that the surface uniformity evi-

dentinthe south and eastis not seen. The erosive action of the streamis

causing a southerly retreat of the edge of the African land surface,
thereby creating steeper side slopes, generally lower elevations and
localized areas of outcrop. This second zone with its lower, more
undulating surface is described as the Lowered African surface. Water

table levels vary only slightly beneath each land surface, being found at

an average depth of 5,2 m under the Lowered African and 6,1 m under

the African surface. The piezometric level was recorded in approx-

imately 76 per cent of the investigation holes and was often associated

with strong flows owing to the open-jointed nature of the in situ

materials.

The third site lies approximately midway between Johannesburg
and Isando in the residential and partly commercial locality of Bed-
fordview. Here the graben forms a low-lying, east to west-trending
area, flanked on both the north and south sides by higher elevation
ridges, and is approximately 2,5 km wide, with elevations ranging from
1580 m to 1650 m AMSL.

Asmallriver and its tributaries have caused a subjugation of the land
surface to produce a lowered African variant from which all the data
used was obtained. This river, flowing in an approximately north-
easterly to northerly direction, has caused a small region in the north-
west of the area to experience rapid incision and dissection, and
numerous outcrops occur owing to exhumation of the bedrock. Water
table conditions generally vary widely, the water table itself only being
positively encountered in 29 per cent of investigation holes, a feature
ascribed to variations in the intensity of relict jointing.

Recorded geotechnical data
To determine the nature and statistical validity of geotechnical

Table 2: The Isando study site.
Summarized geotechnical data
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Study site Johannesburg Bedfordview Study site Isando
Land surface .Above Lowered Land surtace African Lowered
L African African African
Soil colour zone ~ Red Yellow Red Yellow Soil colour zone Red Yellow Red Yellow
Thickness of soil xM 56,2 58,9 1,5 8,5 Thickness of soil xM 28,0 18,6 4,2 10,5
colour zones {m) xm 1,0 3,3 03 0,2 colour zones {m) xm 0,6 0,4 0,0 0,0
x” 15,4. 11,4 0,8 3,7 x" 5,1 5.6 0,7 3,7
s/x” | 0,821 0,666 0,514 0,761 s/x” | 1,225 0,641 1,770 0,713
Clay content xM 43 26 47 35 Clay content xM 48 48 33 39
(% 0,002 mm) xm 11 7 11 18 (% 0,002 mm) xm 8 12 19 10
x” 22 15 26 25 x” 31 27 22 25
s/x”| 0,367 0,377 0,486 0,234 s/x” | 0,410 0,387 0,423 0,397
P!asiicity xM 28 26 26 25 Plasticity xM 35 54 27 30
_.index xm 7 6 16 9 index xm 13 17 10 10
x| .15 14 20 16 X7 26 28 17 23
s/x" "0,395 0,375 0,195 0,347 s/x” | 0,219 0,295 0,523 0,276
Dry density xM 1707 1553 1634 1796 Dry density xM .1 591 1476 1759 1656
(kg/m3) xm 1081 1095 1455. ' 1694 {kg/m3) xm 1135 1138 1240 1142
x| 1.302 1286 (1 545) (1745) x7 [ 1294 1303 1473 1348
s/t | 0126 0,110 -~ - s/x” | 0,105 0,070 0,179 0,135
Void ratio xM 1,575 1,490 ' 0,883 0,585 Void ratio xM 1,458 1,388 1,244 1,416
{ec) xm | 0,782 0,780 0,683 0,537 (eo) xm | 0,630 0.620 0,592 0,655
x| 1,144 1,182 (0,783) (0,561) x" | 1,083 1,057 0,935 1,081
s/x”7 | 0,211 0,187 ~ - s/x” | 0,216 0,168 0,350 0,260
Compression xM | 0,900 0,924 ~ - Compression xM | 0,719 0,678 -
index {Cc) xm | 0,133 0,126 ~ - index (Cc)0,588 xm | 0,172 0,056 - 0,139
x” | 0,509 0,481 (0,226) (0,049) x" | 0,413 0,400 (0,392) 0,420
s/x” | 0,437 0,520 - - s/x” | 0,402 0,444 z 0,354
Tatal thickness xM 58,9 9,0 Total thickness xM 33,9 15,5
of residual soil {m) xm 12,4 05 of residual soil (m) xm 0,6 0,4
x” 24,2 4,0 x” 8,8 6,1
s/x” 0,485 0,765 s/x” 0,821 0,669
% of colour zone in . % of colour zone in
average profile &s 2 15 65 average profile 25 65 14 7
% of holes containing ' % of holes containing
8
colour zones 87 55 46 7 colour zones 69 85 36 96
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relationships that distinguish the residyal solls under each land surface
trom one another, it was necessary to select those particular criteria
thatwould be most likely to emphasize them. Tests accordingly select-
ed to elucidate the variations that existin these partiaily saturated soils
include grading analyses, liquid iimit, plasticity index and linear shrin-
kage, as well as soil mass characteristics as exemplified by vatues of
dry density, void ratio and compression index. Information concerning
the thickness of residual soils in situ was obtained from a study of many
soll profites recorded from large-diameter, deep, augered trial holes
and small-diameter cored boreholes drifled during routine site inves-
tigation work, In addition to these materials properties, the thickness of
the red and yellow zone soils and the depths of weathering were
evaluated.

Data summaries are given in Tables 1 and 2. Data reliability is
inevitably affected by the number of readings available for any given
parameter. Most summaries represent many more than five readings.
Where the number was less than five, maximum, minimum and mean
figures are shown, but the coefficient of variance was not determined
asitwould notbe representative. Where only one resultwas available, it
is shown in brackets. Such scarcity of data usually resulted from the
fact that testing was often done on a selective basis in relation to the
technical demands of the various structures.

Statistical data analysis

Data from each land surface at the study sites were subjected to
statistical analysis and summary, the purpose being to highlight salient
geotechnical characteristics and to assess their relative significance.
All the data have been presented as summarized tables and the max-
imum {xM), minimum (xm), mean (x"} and coefficient of variance (s/x”
where s is the standard deviation) are shown for a wide variety of
criteriain Tables 1and 2. Presenting data asrows of figures or graphs s
not entirely satisfactory, because possible correlations between the
various parameters are not easily identified in this form. A more quan-
titative approach, involving significance of difference tests, was re-
quired,

The following shortcomings were apparent in the geotechnical data,
which limited the statistical tests that could be successtully applied:

* Limited observations in some data sets

* Extreme values for particular parameters in some sets tended to pro-
duce very large standard deviations

* Uncertainty about the true ‘randomness’ of the sampling

* Uncertainty about the homogeneity of sample variance

* Uncertainty about the normality of data distribtions

Atest was accordingly required that would not be unduly influenced
by these shortcomings, that took each individual vaiue or reading into
account, that enabled more than two sets of data to be analysed at
once, that also remained a powerful test with an acceptable measure of
sensitivity and discrimination, and that could be applied to all data sets
so that statistical inferences could be made with the same level of
validity. The test that came closest to satisfying these various re-
quirements is the ‘one-way analysis of variance'®, in which sums of
squares of deviations about the mean are calculated as shown in the
addendum. Mean vatues that could not be compared because of statis-
tical dissimilarities could be identified using Fisher’s least significant
difference test.

The resuits of comparisons of the study sites, made in terms of the
various geotechnical parameters, are given in the cross-reference
diagrams in Fig 2. Correlations that are similar atthe 95 per centlevel of
confidence are denoted by ‘=’ and those significantly different at this
level by *#°. The letter o indicates that there were insufficient data for
comparisons of a particular parameter.

Statistical inferences

Several significant trends are evidentin the residual soils at the three
sites as seen in Tables 1 and 2. Under the Above African surface at the
Johannesburg site, residual soil thicknesses show the greatest range
and highest average values recorded at all sites. There is an anticipated
simitarity under the Lowered African surface at both the 1sando and
Bedfordview sites (Fig 2(a)) and also an anticipated difference in thick-
ness under the African surface at Isando and the Lowered African at
Bedfordview, with the latter showing both the smallest range and the
lowest average thickness of all the sites. A feature of interest is the
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Fig 2: Statistical cross-reference diagrams for geotechnical properties of
residual soils in the Johannesburg graben

unexpected similarity beneath both surfaces at the Isando site, which
does not appear to be borne out by the relevant data (Table 2}. This
seems to indicate that the amount of ‘lowering’ that has occurred is not
sufficient to be identified in the analyses.

It appears that the thickness of the yellow zone increases significan-
tly at the expense of the red zone as the land surface changes from the
Above African to the Lowered African surface.

Assessments of clay content, plasticity index, dry density, void ratio
and compression index were hampered by a lack of numerical data, as
may be seen in Fig 2. All of the sites show similarities except the Johan-
nesburg site, where the clay content is significantly lower in the red
zone soils than at the Isando site under the African surface. This is
ascribed to the greater degree of eiuviation sutfered by soils at the for-
mer owing to their topographic position, which has permitted eluviation
without significant erosion. The clastic nature of these materiais has
enabled leaching and eluviation to remove much of the clay from the
soil, producing a general lowering of the clay content throughout the
profite. Clay content values show a random variation in the profile,
which contirms known variations in lithology and mineralogy of the
parent material. The highest average values of clay content were record-
ed at the Isando site, where eluviation of clay particies has been less
thorough, with high plasticity index values tending to confirm the pre-
sence of expansive smectite clay minerals.

Assessments in the yellow zone were also affected by a shortagé of
data, but tend to reveal similarities between the sites. However, yellow
zone soils at the Johannesburg site have significantly lower ctay con-
tents than other sites. This may be attributed to eluviation operating at
greater depths in the Johannesburg profile. Plasticity index data for the
Johannesburg site indicate that no expansive minerals occur {Table 1).
Values of dry density increase to a statistically significant extent as the

land surface changes from the Above African, with its generaily smalter
thicknesses, while values of void ratio and compression index show a
corresponding decrease.

Significant differences can therefore be identified between the
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residual soils under each nominated geomorphic surface in terms of
the principal geotechnical parameters, the only exception being the
Lowered African at the Isando site, where the nature of these para-
meters indicates that the amount of lowering has not been sig-
nificant,

Geotechnical considerations

Construction practice in Johannesburg on these residual soils has
been directly influenced by the geotechnical features thatthey display.
Most residual soils usually possess a higher shear strength than the
overlying transported soils, but this is not the case with the soils of this
study area. These are amongst the most highly compressible and,
indeed, the most rapidly consolidating residual soils in South Africa,
and it is on the basis of these properties rather than of the strength
characteristics that safe founding pressures must be determined.

Geotechnicalinadequacies of the overlying transported soils usually
preciude the use of shallow foundations, and heavy buildings have to
be founded on deep, end-bearing, augered or replacement piles. With
the advent of underground parking areas at depths of up to 30 m,
increased use has been made of raft foundations under deep base-
ments, supplemented, on occasion, by additional piling as well as side-
supporting ground anchors. These soils do not exhibit expansive
characteristics owing, in part, to the comparatively low values of plas-
ticity index and clay content as well as their low density. However, they
do consist mainly of silts and are known to be susceptible to frostheave
generated under refrigerated installations®,

The residual soils beneath the African surface at the Isando site have
broadly comparable values of dry density and void ratio (Table 2), but
their engineering behaviour is largely controiled by their much higher
clay content. High values for plasticity index indicate a potentially
expansive soil, potential expansiveness being more pronounced in the
yellow zone of the profile. For heavy or multi-storey structures, pilingis
usually necessary, with piles being taken down to rock. Shallow foun-
dations are often successfully placed on the ferricrete, where sufficient-
ly developed. The effects of expansiveness can be minimized by using
the ferricrete as a natural raft without recourse to other expensive pre-
ventive measures. ’

The Bedfordview area is not known for problems of soil expansive-
ness and compressibility. Heavy structures are usually placed on piled
foundations where the residual soils are thickly developed, but foun-
dations for light structures can be set at shallow depths, despite the fact
that ferricrete is seldom developed.

Conclusion .

As an aid to geotechnical and civil engineers, geomorphology is not
aswidely accepted as a science as itisamong geologists, hydrologists,
pedologists and even military engineers. Civil construction projects
are inevitably affected by the type of land surface, its surface expres-
sion and the characteristics of its underlying soil materials,

An understanding of land surfaces can be of direct practical benefit
to.engineers, as it would provide a better indication of the likely ranges
of engineering properties possessed by residual soils under their sites.
This would improve the confidence in and economics of their founda-
tion investigations and designs, permitting a more harmonious interac-
tion between their development and the land surface involved.
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Addendum: The one-way analysis of variance method

This method assumes that several data sets are drawn from populations with a
common variance and it tests the null hypothesis that the means of all the pop-
ulations are equal. The significance level chosen in testing this hypothesisis, inalt
cases, 95 per centand if the means are considered to differ significantly then the
null hypothesis is rejected.

The method depends on a simple algebraic relationship which states that ‘total
variation = within-samples variation + between-samples variation’. The total
variation is the variation of all measurements about the overall mean, the within-
samplesvariationis the sum of variations of each sample about its own mean, and
the between-samples variation is a measure of the variation of the sample means
about the overall mean. The test inspects the ratio of between-samples variance
to within-samples variance. The between-samples variation is usually referred to
as the between-groups sums of squares (BGSS), the total variation is calied the
total sums of squares (TSS) and the within-samplesvariation is the within-groups
sums of squares (WGSS). From these. the following relationship is calculated:

WGESS = TSS - BGSS
in which
(xG1 sum)? N (xG2 sum)? . (xG3 sum)? {grand total x)?
[ J— -
N1 N2 N3 Nitotal)

BGSS =

for an exampie with three groups being assessed, in which x is an individual
value or reading, G is a group or set of data and N s the number of readings or
values In each group or set, and .

TSS = {grand total ¥} - (grand total x)%/N(total)

The number of degrees of freedom then has to be determined. For acase with
three groups of data, the between-groups degree of freedom {BGDF) value is
given by:

BGDF = Gltotal) ~ 1 = 2
and the within-groups degree of freedom (WGDF) value is given by:
WGDF = N(total) - G(total) = Nftotal) - 3

The sums of squares are then divided by their appropriate degrees of freedom,
thus BGSS/BGDF = between-groups mean square (BGMS) and WGSS/WGDF
= within-groups mean square (WGMS).

From this, a value for F is calculated where F {calc) = (BGMS)/(WGMS). This
caiculated F value for the appropriate degrees of freedom (BGDF and WGDF) is
then compared with the £ value taken from standard F tables using the same
valuesfor degrees of freedom ata 95 per centlevet (0,05 columninthetables). (tF
{calc} is less than Fitab), the null hypothesis is accepted and the groups being
assessed are considered to have sample means that are statistically similar.

If F{calc) is greater than F(tab), the null hypothesis is rejected because signifi-
cant differences are present among the sample means of the groups. it is then
desirable to determine which sample means are notequal, This has beendoneby
using Fisher's least significant difference test (LSD), which is given by the
relationship:

LSD g g5) = ¢ \/ [WGMS (1/Na + 1/Nb)]

inwhich s a value obtained from t distribution tables for the requisite number of
BGDF at 195 per cent, Na is the number of readings in sample group a, and Nb is
the number of readings in sample group b. An LSD value is then calculated for
each pair of sample group means until all pair combinations have been con-
sidered. The LSD value obtained for any pair of groups is then compared with the
value of the positive difference between the mean values for each group in the
pair. If the LSD value is smaller than the mean ditference, then the group means
are statistically different () from one another; if the LSD value is greater, the
means are statisticaily similar (=),

The worked example below will serve to illustrate the application of these
procedures.

One-way analysis of variance: Worked example

This example will test four groups of data for variations in total thickness of
residual soil developed under the different land surfaces in the three study sites
ontheJohannesbug graben and will attempt to determine the natureand location
of similarities and differences. The four groups are as follows:

Group 1 (G1): The African land surface at the isando site

Group 2 {G2): The Above African surface at the Johannesburg site
Group 3 (G3): The Lowered African surlace at the Bedfordview site
Group 4 (G4): The Lowered African surface at the Isando site

Data for each group consists of depth readings in metres measured from
numerous test holes and bareholes. These readings can be processed, group by
group, by entering each individual reading into the appropriate memory of a
computer/calculator (such as an HP15C) with in-built statistics functions enab-
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ling arlthmetic mean, standard devlation and sums of squares to be deter-
mined directly.
The statistical data thus obtained are summarized as follows:

Group Sum of Number of Average Sum of squared
No readings x readings N X" readings x’
G1 742,40 78 9.52 10 903,50
G2 1244,00 56 22,21 35043,94
G3 145.90 36 4,05 883.85
G4 126.40 20 6,32 976.44
Total number of readings = 190. Total number of groups = 4.
From these data:
(742,400 (1244,00)2 (145900  (126.40) 70)%
pess = 2 (1293007 | (145907 | (1264077  (2258.70)
78 56 36 20 190
7066,13 + 2763457 + 59130 + 79884 -— 2685118
= 3609084 — 26851,18
= 9239,66
TSS 10903,50 + 35043.94 + 883,85 + 976,44 — 26851,18

4780773 - 26851,18
20956.55

nouon

Calculating degrees of freedom:

BGDF = 4 -1 = 3and WGDF = 190 - 4 = 186
9239.66/3
(20 956,55 - 9 239.66)/ 186
3079,88
62.99
= 48,89

Thus F(calc)

But F(tab) for F(95%; 3: 186) = + 2,60. As F (calc)isgreater than F (tab), some
of the group means are dissimilar and Fisher's LSD test is required.

Substituting into the LSD formula, t at 97,5 per cent (for a two-sided ! test) for
186 degrees of freedom is 1,97. The WGMS value is obtained from the re-

lationship WGSS/WGDF, thus WGMS = (2095655 - 9 239.66)/186 = 62.99.
Inserting the relevant data into the LSD formula, the LSD values for the group
pair combinations are as follows:

Group LSD Positive Decision
pairs value difference x"
G1:G2 2,73 12,9696 #*
G1:G3 3,15 5,465 #*
G1:G4 3,91 3,198 =
G2:G3 5,66 18.161 #
G2: G4 4,07 15,894 #*
G3: G4 4,36 2,267 =

From these results, included in Fig 2(a). the following mlerences can be
made:

1. The similarity in total residual soil thickness under both land surfaces at the
Isando site (G1 = G4) was not expected and may possibly suggest that the
amount of ‘lowering’ that. has affected soils in the G4 group is not very
great.

2. Thetotal residual soil thicknesses are similar forthe Lowered Africanland sur-
face at both the lsando and Bedfordview sites (G3 = G4). This result was
expected and indicates that the groups belong to the same population.

3. All the other significantly different results were expected. 0O
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